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Abstract—The dynamics of unmanned underwater vehicles
(Uuvs) impose significant constraints on the types of paths
that can be followed. A number of motion models have been
proposed that are inspired by the Dubins vehicle model. We have
investigated two state-of-the-art models that ensure a bounded
turning rate, bounded pitch angle, and (in one case) a bounded
pitch change rate. We will show that these existing models can
produce undesirable solutions (or even no solutions) between an
initial and final pose of a UUV. Here, we present a new model
that combines these two models, preserves the best features of
both, and is empirically shown to connect any arbitrary start and
goal pose. We also present results that show how the new model
can be used as a local planner in sampling-based algorithms.

Index Terms—Path planning, 3D Dubins, UUVs.

I. INTRODUCTION

When planning paths for mobile robots, aerial vehicles, or
underwater vehicles it is important to consider the motion
constraints of the vehicle under consideration. The true system
dynamics are often too complex to allow for planning over long
time horizons, so simpler analytic models have been proposed
that can be used to produce reference paths which can then be
used to synthesize a trajectory and a controller. For navigating
at constant depth, the Dubins model is often used [1]. The
Dubins model describes motions of car-like vehicles that can
only drive forward and have a bounded turning radius. The
time-optimal trajectories between any two vehicle poses can
be solved for analytically [1, 2]. Such trajectories consist of
at most three segments corresponding to arcs of a circle and
straight line segments.

The extension of the Dubins model to 3D is non-trivial.
Several variants have been studied and different numerical and
analytical methods have been proposed to compute shortest
paths between given endpoints with specified tangents and
curvature constraints (see, e.g., [3, 4, 5]). Many of these
methods do not explicitly account for pitch angle constraints. To
use such methods for underwater or aerial vehicles, one has to
assume that endpoints are sufficiently far apart to ensure pitch is
bounded. Chitsaz and LaValle [6] provide a characterization of
a 3D Dubins model that does account for pitch angle constraints,
but it does not provide a method to construct 3D Dubins curves
that connect a start pose to a desired goal pose.

A practical approach to constructing Dubins curves in 3D
with pitch constraints was presented by Owen et al. [7]. They
classify the transitions between two vehicle poses into three
classes with well-defined boundary conditions: low-, medium-,
and high-depth changes. In the low-depth case, the path can be
computed analytically. In the high-depth change case, a path

is composed of a spiral depth change followed by a Dubins
curve, all while changing the depth at the maximum pitch.
For the medium depth change an extra turn is added to a
Dubins path, while, again, changing depth at the maximum
pitch. Both the medium and high depth paths require a one-
dimensional numerical search. Within the Owen et al. model
it is assumed that the pitch can be changed instantly (or that
the path length needed to change pitch is negligibly small).
This is not always the case. The more recent model proposed
by Vana et al. [8] addresses this limitation with an entirely
different approach. The path between two poses is assumed to
be curvature-constrained, which affects both turning rate and
pitch rate equally. A path between two poses is computed in
two stages. First, a Dubins path in the XY plane is computed.
Next, a Dubins a path is computed in the SZ plane, where §
is the arc length of the Dubins curve in the XY plane. The
two 2D Dubins paths can be turned into one 3D Dubins path
by taking the X and Y coordinates of the first curve and the
Z coordinates along the second curve. The turning radii for
the two 2D Dubins paths are chosen so that the curvature of
the resulting 3D Dubins curve does not exceed the curvature
limit. While this method ensures smooth pitch changes, it
can be shown that for sufficiently large depth changes, this
method produces undesirably long solutions or no solutions,
as described below.

The rest of the paper is organized as follows. Section II gives
a formal definition of the problem addressed by this paper.
Section III presents our proposed algorithm for solving this
problem. Section IV includes results from comparing the new
algorithm against previous approaches. Section V describes
how the new 3D Dubins model as well previous can be used
as local planners within sampling-based planners, a class of
motion planning algorithms. Section VI concludes the paper
with discussion of the results and future work.

II. PROBLEM DEFINITION

The problem this paper seeks to address can be formally
defined as follows (and follows the definition of [8]). Let Q =
R3 x SO(2) x SO(2) be the state space of a UUV. An element
q={x,y,2,0,y) € Q describes the 3D position {x,y, z), the
heading 6 and pitch angle y of the vehicle. Given a start
configuration ¢, and a goal configuration qg, we wish to find
the shortest C' continuous path connecting g and g, subject
to the constraints described below. Let the path be described
by c(t) : [0,1] — R3. The heading 6 is defined in the XY
projection of this path, while pitch is defined as the angle


 
To appear in the Proceedings of the 2024 IEEE/MTS Oceans Conference, Halifax, NS, Canada


between the curve tangent and the projection of that tangent
onto the XY plane (diving corresponds to a negative pitch
and surfacing to a positive pitch). The path is subject to the
following constraints:
o The path starts at q; and ends at q,: c(0) = q, and
C(l) =qy.
o The curvature «(z) = ||c’(t) x "’ ()||/|lc’(£)|]> has to be
less than or equal to p;‘iln, where ppin 1S @ minimum
turning radius constraint. Note that this constraint affects
both turns in the XY plane and the pitch rate.
« The pitch angle vy is bound to lie in the interval ' =

[ymim 'ymax]-
I1I. METHOD

We will first present an informal high-level description of
our approach. This is followed by a detailed description of the
algorithm. In the Vana et al. model significant depth changes
are dealt with by increasing the turning radius, which results
in longer paths. This, in turn, enables larger depth changes. If,
however, the path in the XY plane is equivalent to a straight
line, a solution will not be found. Furthermore, if the path
in the XY plane is close to a straight line, the turning radius
has to be made extremely large to make any necessary depth
changes, resulting in very long paths. We observe that the
model by Vana et al. [8] essentially corresponds to low-depth
transitions, in the terminology of Owen et al. The feasibility
check in [8] defines the boundary between low-depth and
medium-depth changes. We can define the boundary between
medium-depth and high-depth changes as follows. For a given
depth change, an initial pitch angle, and a final pitch angle, we
can analytically compute the maximum depth change along a
path in the XY plane (see Figure 1). This can be used to define
a decision boundary between medium- and high-depth changes
as described below. If the required depth change exceeds this
boundary, we insert a spiral depth change. If the required depth
change does not exceed this boundary, but also does not satisfy
the feasibility check in [8], we append an extra turn in the
XY plane to construct a medium-depth change path. In all
cases the pitch and pitch rate satisfy their respective limits by
construction. This approach results computes a locally optimal
solution to the problem defined above by combining the two
algorithms of Vana et al. [8] and Owen et al. [7]. We will call
this hybrid the Vaiia—Owen algorithm.

At a high level, the Vana—Owen algorithm retains the same
structure as the Vana algorithm. The main algorithm repeatedly
calls a subroutine that for a given horizontal turning radius py,
(pn = pmin) computes the shortest 3D Dubins path. It searches
over pp to find the shortest 3D Dubins path over all valid
values of pj. This part is almost identical to the one in [8] and
is shown for completeness in Algorithm 1. The main difference
is that a 3D Dubins path is no longer completely defined by
a pair (Dp, D)) corresponding to 2D Dubins curves in the
XY plane and SZ plane, respectively. Instead, a 3D Dubins
curve is now defined by a 4-tuple D = (Dy, D, k, ¢), where
k (k > 0) is a number of helical turns and ¢ is the arc length
of an optional additional turn. Similar to [7], the additional

Sturn = Sturn,1 * Sturn,2
Zturn = Zturn,1 * Zturn,2
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Fig. 1. Illustration of maximum depth change. Given an initial pitch
Vs, a final pitch yg, a maximum pitch of ¥, and a length of a XY path
L(Dy,), we can determine sy, the path length needed to achieve ¥ with
initial and final turns, and zwm the net change in depth due to these turns.
From this figure, we see that the maximum change in depth is therefore
Zmax = (L(Dp) = Swm)/tany + Zwum.

Algorithm 1: VifiaOwenDubins3D(qs, qg)

Input: g4, q,: start and goal configurations
Output: D: a 4-tuple that completely characterizes a
3D Dubins path
Ph < Pmin
repeat
Pn < 2pn

until ViiaOwenDecoupled(qy, qg, or, D)
A O'Ipmin
repeat
Py, < max(Pmin, Pn + A)
if VanaOwenDecoupled(qs, qg, on, D”) and
L(D") < L(D) then

9 Ph < pj,
10 D « D’
11 A« 2A
12 else
13 | Ae-0.1A
14 until |A| < Apin
15 return D

// find initial solution

/I minimize length

0 N N R W N =

two parameters are used to encode medium- and high-depth
transitions as described below.

The length of a 3D Dubins curve D is denoted with L(D).
The length of the corresponding 2D Dubins curves is denoted
with £(Dy,) and L(D,). It can be shown that L(D) = L(D,,).
The minimum turning radius ppi, and pitch range I' are
assumed to be global constants.

The main computation occurs in the VanaOwenDecoupled
subroutine shown in Algorithm 2. It uses a function called
Dubins2D to analytically compute the shortest 2D Dubins path
between two poses {(xg, yo, 6o) and {xi, yi,6). Algorithm 2
first computes a path Dj, in the XY plane. Given the horizontal
turning py, it can be shown that setting the turning radius in
the SZ plane equal to (pr;izn - p;lz)‘% ensures the curvature
constraint is satisfied [8]. There are then four cases to consider:

a) Edge case (lines 5-10): If the specified horizontal
turning radius pj, is equal to the minimum turning radius Pm;n,
then any turn in the SZ plane would cause the curvature to



Algorithm 2: VailaOwenDecoupled(qs, qg, on, (Dn, Dy, k, ¢)) Vs achieve pitch ¥, go straight at a constant pitch y, and, finally,

Input: q, q,: start and goal configurations

Input: pj,: horizontal turning radius

Output: Dy, D, hor. and vert. Dubins maneuver
Output: k: num. helical turns (high-depth change)
Output: ¢: additional turn angle (med.-depth change)
Output: returns true iff a valid solution was found
D), < Dubins2D({xs, s, 6s), <xgs Yg» 9g>’ph)
k<0

¢ «— 0.0

A — 24— 25

if p = ppin then

n A W N -

// @) edge case: path in XY-plane
. A Yo L

6 if arctan (m) =7ys =Yg then

D, « “a straight line”

7
return true

9 else
10 | return false

1 py (ot = p;,°)”
12 DV — Dub]nszD(<O5 ZS’ Vs>’ <‘£(Dh)’ Zg9 ')’g>, p\))
13 if IsValid(D,) then

(ST

// b) low-depth transition
14 return true

15 if |A,| > depthThreshold(qs, qq, £(Dy)) then

/I ¢) high-depth transition
16 k — |(|1A; = zuml/tany — L(Dp) + swm)/ (27wpp) |
17 Ph <

argminp|(£(Dh) — Sturn T Zﬂp) tany — (Az - Zturn)|
18 Dy, < Dubins2D({x, ys, 0s), {Xg, g, 04), 1)

1 | py e (0nk = P22

20 | Dy < Dubins2D({0, zs, ¥s), (L(Dn), 2g, Y¢)s Pv)
21 else /I d) medium-depth transition
22 ¢ < argming

|(#0 + £(Dubins2D(ai(8), 4. on) ) tan 7 - A
23 Dy, < Dubins2D(q; (¢), (xg, Yg,0g), Pn)

24 D, «

Dubins2D (40, zs, ¥s), (L(Dn) + ¢pns 2g, Yg)s Pv)
25 return true

be greater than p;liln. This means that if p, = Pmin, @ solution
exists if and only if the start and goal can be connected with
a straight line. This is true if the start and goal pitch match
the slope of the straight line connecting start and goal in the
SZ plane.

b) Low-depth transition (lines 11-14): We can compute
a Dubins path in the SZ plan with a turning radius p, set to
the lower bound. This solution is valid if and only if the pitch
angles along this path are within the range I" and the middle
segment of D, is a straight-line segment [8].

c) High-depth transition (lines 15-20): Let ¥ be Ymin
if A, < 0 and ymax otherwise. For a given start state q, and
goal state qg, we can compute the absolute maximum possible
height change. This height change is achieved by turning from

turn again from ¥ to y,. The turns correspond to arcs of a
circle with radius p,. Figure 1 shows an illustration of such
a path. The displacement along the S axis due the turns is
denoted with sy, while the displacement along the Z axis is
denoted with zy,;,. From these displacements we can derive
the maximum possible depth change.

Following [7], if |zmax| + 27pon < |A;| (line 15 in Algo-
rithm 2), then a helical turn is required. The number of turns
of this helix is equal to

_ |(A; = zZwm)/tany| — L(Dp) + Swm

k
2npn

Using a numerical search, we then find p,’; such that
(L(Dp) + 27Tkp;; = Stum) taN Y + Zrum = A;.

Note that almost all the turns on the left-hand side of this
equation implicitly depend on pj.

d) Medium-depth transition (lines 21-24): 1If less than
one turn is needed to achieve the desired depth and a low-
depth transition is not feasible, then we simply lengthen the
XY path by prepending an extra turn before a 2D Dubins
path. A numerical search is used to add just enough length
to achieve the desired depth change. Let the initial turn be
an arc of a circle with radius p; parametrized by ¢ and let
the intermediate pose achieved after this turn be denoted with
q; = {xi,yi, 05 + ¢). The length of the path in the XY plane as
a function of ¢ is thus

L(¢) = ¢Ph + ‘L(DUbinszD(qi, <xg’ yg’ 9g>7 ph))

A bisection search is used to find the angle ¢* such that
L(¢")tanF = A,.

Given a 3D Dubins path parametrized by D = (Dy,, D,,, k, ¢),
we can interpolate along this path as follows. First, note that
we can determine the type of path from the values of k& and
¢. If both are 0, then D is a low-depth path. If £ > 0, then
D is a high-depth path. If ¢ # 0, then D is a medium-depth
path. By construction, k and ¢ cannot both be non-zero. For a
low-depth path we compute interpolated points (x, y,#) and
(s,z,7) along Dy, and D,, and construct the corresponding 3D
Dubins state q = {x, y, z, 6, y). For the medium- and high-depth
path, the calculation of z and y remains the same. For medium-
depth paths, we need to determine whether the interpolated
point lies on the extra turn or on Dy, Similarly, for high-depth
paths, we need to determine whether the interpolated point
lies on the helical part or the Dy, part of the path. Note that
the helical part is not exactly a helix: the pitch angle is not
achieved instantaneously if y; # y. However, this does not
affect the calculation of x, y, and 6.

IV. RESULTS

Both the medium- and high-depth change paths rely on a
numerical one-dimensional search. We used the classic TOMS-
748 algorithm [9], which is designed to find the root of a
continuous function. However, the functions for which we
are trying to find a root are only piecewise continuous. This
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Fig. 2. Contour plot of the length of a 2D Dubins curve connecting (0, 0, 0)
and (x,y, n/2) for all -5 < x,y < 5. Note the discontinuities in the top-
right quadrant: the abrupt change in shade of gray indicates that the Dubins
path type changed which resulted in a discontinuity in the path length.

TABLE I
PERFORMANCE COMPARISON OF DIFFERENT 3D DUBINS PATH
ALGORITHMS
Algorithm Average time (us)  Success rate
Owen et al. [7] 2.9 98.6%
Vina et al. 8] 40 100%
Hybrid Véana—Owen (this paper) 195 100%

is due to the fact that the 2D Dubins distance function is
only piecewise continuous. Small changes in either the turning
radius or the relative pose between start and goal can result
in large changes in distance. Figure 2 illustrates this point.
It shows a contour plot of Dubins distance between (0, 0, 0)
and (x, y, ), where 6 = n/2. In rare cases, this can cause the
numerical search to fail to find a solution. This affects both the
original Owen algorithm as well as the Vafia—Owen algorithm.
However, the Vana—Owen algorithm guards against these rare
failures by performing a numerical search over pj, in the outer
loop. If Algorithm 2 fails to find a solution due to a root-finding
failure, a slight change in pj, in Algorithm 1 is sufficient to
avoid such a failure. In extensive testing we have not seen
Vana—Owen algorithm fail, while in our implementation the
Owen algorithm fails to find a solution 1.4% of the time. The
robustness of the Vanla—Owen comes at a computational price
as shown in Table I. This table shows the average time it
takes to compute a 3D Dubins path between q5 = (0,0, 0,0, 0)
and a randomly sampled qg such that —10 < x,y,z < 10.
The turning radius and pitch range were set to ppi, and
I' = [-0.1 rad, 0.1 rad]. Note that [7] does not respect pitch
constraints and is, therefore, solving a simpler problem. There
are likely further improvements possible in our implementation
of all three algorithms by tuning the bracketing of the root
finding algorithms and algorithmic parameters to determine
convergence to a locally optimal solution path.

The 3D Dubins models described above have all been imple-
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(a) Owen et al. path. Length is 19.
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(b) Véiia et al. path. Length is 65.
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(c) Path using the new hybrid model. Length is 19.

Fig. 3. 3D Dubins paths connecting the same start and goal poses. Note the
different ranges on the X- and Y-axes. The start position is at (0, 0, 0), while
the goal is at (2,0.1,2). The yaw and pitch are both O at the start and goal.
The maximum pitch is set to 0.1 radians (~ 6°).

mented using the Open Motion Planning Library (OMPL) [10],
a library containing implementations of many sampling-based
algorithms'. It already contains an efficient implementation of
2D Dubins curves. The 3D Dubins motion models are used
to define a new state space, where distance between states is
defined by the length of the corresponding 3D Dubins path and
where interpolation is performed along such paths. (Note that
the 3D Dubins path length is not a proper metric, but many

ICode is available at https://github.com/ompl/ompl.



Fig. 4. Using a 3D Dubins paths with a sampling-based planner.

of OMPL’s planners do not require one.) Figure 3 shows an
example of the path differences. The new 3D Dubins model
usually finds paths that are similar in length to the Owen et al.
paths, but ensures smooth changes in pitch. It also finds shorter
paths than the Vana et al. model when depth changes are large.
Note the different scales on the X and Y axes.

V. INTEGRATION WITH SAMPLING-BASED PLANNERS

The 3D Dubins algorithms can be thought of as local plan-
ners that can be used as primitives within a global planner that
also considers collisions and other hard constraints. Figure 4
shows an example of a collision-free path composed of a series
of waypoints connected by 3D Dubins paths as computed
by the Vana—Owen algorithm. Here, q;, = (0,0,-9,0,0),
qg =¢0,0,9,0,0), pmin =2, and I" = [-0.5 rad, 0.5 rad]. The
obstacles in this scene are spheres with a radius of % Pmin placed
at coordinates {iOmin, J Omin» KOminy for i, j, k = £1,£3,£5,...

The 3D Dubins algorithms can be used by many of the
sampling-based algorithms in OMPL. The path shown in
Figure 4 was computed with Anytime Path Shortening [11], a
meta-planner that was configured to use four instances of
the EST algorithm [12] and four instances of the KPIECE
algorithm [13]. Anytime Path Shortening repeatedly runs
these sampling-based planners in separate threads, collects
the solutions paths, applies path short-cutting [14], and returns
the best solution after a stopping criterion is met (a time limit
in this case). The resulting path converges to the shortest path
as a function of planning time. For illustrative purposes we
opted for planning algorithms that do no rely heavily on a
distance measure (since the 3D Dubins distance is not a metric).

Other sampling-based planners like RRT [15] can be used as
well, however.

OMPL has a concept of a motion validity checker, which is
used to verify whether a path between two states (computed
by a local planner) satisfies all hard constraints. Typically,
a motion validity checker performs collision checking on a
path and returns true if and only if the path is collision-free.
In our case the local planner can (potentially) fail due to
failures in the bisection search, as was observed in the Owen
algorithm. We have augmented the motion validation step to
catch such failures. This same mechanism can also be used to
incorporate (analytic) Dubins 3D methods that do not handle
pitch constraints and simply check in the motion validation
step whether two waypoints are far enough apart in the XY
plane that a resulting path is feasible. However, a sampling-
based planner might end up spending significant time trying
to connect states that are too close in the XY plane. It may be
possible to address this with custom state sampling techniques,
but this can weaken the theoretical guarantees on completeness
and optimality of a planning algorithm.

VI. DISCUSSION

We presented a practical approach to computing 3D paths
for underwater vehicles (and aerial vehicles) such that the
curvature and pitch angle along the path are bounded. These
paths have a simple parametrization that facilitates the design of
a tracking controller. The planner proposed here builds on two
prior methods for computing 3D Dubins paths and combines
the best properties of both by producing short paths that satisfy
curvature and pitch rate constraints.

Initial results showed it is possible to use the 3D Dubins
path planner as a local planner for a sampling-based planner.
However, we have not performed a careful analysis on the
requirements this local planner imposes on a global sampling-
based path planner to ensure probabilistic completeness or
convergence to optimality. It is still poorly understood how
a distance measure that is not a metric impacts previously
proposed sampling-based planners.
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